ABSTRACT Most existing methods rely on the torque information of a servo drive to predict the tracking error caused by the friction force (friction error), but the torque information is not available in certain systems. This paper proposes a position-based modeling method for the friction error. Two examples are given to verify the practicality of the proposed friction error model on the systems when torque information is not available. The experimental results show that the proposed method can predict the friction error accurately and the proposed online parameter identification method exhibits better performance. The proposed positionbased friction error model can also be easily applied to commercial CNC systems because only the position information is required.
I. INTRODUCTION
Friction error, the tracking error caused by the friction force, can be a strong nonlinear component of overall tracking errors in precision motion systems. The friction error can be reduced if it can be predicted. For example, the machining accuracy can be estimated and further improved with the predicted friction error and compensation approaches [1] , such as parameters tuning [2] , disturbance observers [3] and iterative learning [4] .
Many researchers have investigated the mechanism of the friction force and built its model [5] - [11] . LuGre model [8] is a simple model describing the friction force by using Coulomb, static and viscous components. In the model, the friction force is described as a function of the velocity. The multi-stage method [6] , [7] can describe the varying process of the friction force. For example, the method in [7] divided the friction process into two major phases: first is the sliding regime, in which the friction force is a linear function of velocity; the other is the presliding regime, in which the friction force is described as an exponential function of velocity. The actual friction process is more complicated than what is described in the method. During the presliding regime, there is a very small displacement when an increasing external force is applied. When the external force exceeds the breakaway force, the presliding regime changes to the sliding regime.
In recent years, there has been a lot of investigations about various friction models. For example, an analytical model was proposed to study the dynamic sliding friction [12] , and a novel continuously differentiable nonlinear friction model was proposed in [13] . Other advanced algorithms, such as genetic algorithm [14] , neural network [15] and nonlinear algorithms [16] - [18] , have also shown great advantages in modeling the friction process.
Most existing friction force [5] - [14] were modeled based on torque information, and then friction error was estimated based on the identified transfer function of the friction force. For example, disturbance observer and neural network were used to estimate the friction force in [5] and [16] , but the friction error cannot be predicted directly if torque information is not available in these methods. Traditional commercial CNC systems, however, cannot provide such torque information.
In most of applications, the ultimate interest is to obtain the friction error, therefore this paper proposes a positionbased friction error model and identifies its associated parameters online. Compared with the torque-based friction model, the proposed model can be easily applied to commercial CNC systems where only the position information is available. Two examples are given to verify the effectiveness of the proposed model on a servo drive where only the position information is available.
The remaining of the paper is organized as follows. Section II gives the modeling mechanism of the friction error. Section III proposes the position-based modeling method of the friction error. Section IV gives the friction error compensation based online parameter identification method. Section V presents the experimental results. Finally, Section VI gives the conclusion.
II. FRICTION ERROR MODEL A. MECHANISM OF THE FRICTION FORCE
Generally, the friction force is analyzed under the assumption that two rigid bodies contact at a large number of asperities. From a microscopic perspective of view, the friction force comes from the deformation of asperities in junction.
According to [19] , the friction force from static to acceleration stages can be divided into three stages, as shown in Fig.1 .
At Stage a), the servo drive is static and the applied force is almost zero. At Stage b), the servo drive is accelerating, but the applied force is still smaller than the break-away force. The stage is at the presliding regime. At this stage, the friction behaves like a spring and the friction force can be described approximately as a function of the presliding displacement.
where f fric represents the friction force, x is the presliding displacement and k is the stiffness of the object. Usually, k can be assumed to be constant by ignoring the complex nonlinearity. At Stage c), the servo drive is accelerating and the applied force is greater than the break-away force. The stage is at the sliding regime, in which the viscous force becomes more and more significant with the increment of velocity, and the Stribeck effect decreases correspondingly. The model at this stage can be described by the following equation [20] 
where f fric is the friction force andẋ is the velocity. f c and f s are the minimum levels of Coulomb friction and static friction, respectively.ẋ s is the lubricant coefficient, which can be achieved empirically from experiments. Bẋ is the viscous force and B is the viscous coefficient. Except the viscous force, the other portion of the friction force is the Stribeck force.
B. MODELING THE FRICTION ERROR OF A SERVO DRIVE
For a servo drive, a common control block diagram [21] is shown in Fig.2 . T d and T l represent the disturbance and applied load torques, respectively. The disturbance torque T d includes the friction torque T fric and the unknown disturbance torques T n . k v is the gain from the input voltage to the thrust torque, and r g is the ball screw transmission gain from the angular motion to the linear one. J is the equivalent inertia. The input of the servo drive is the reference position x r and the output is the actual position x a . G cp (s) and G cv (s) are the transfer functions of the position and velocity controllers, respectively. In the remaining parts of the paper, the Laplace symbol 's' in equations is dropped in all transfer functions for simplicity. Using Eq.(1), T fric can be calculated from f fric by
The diagram in Fig.2 is simplified as two transfer functions in Fig.3a from the friction force to the friction error. According to Fig.2 and Fig.3, G d can be obtained by
In Fig.3a the actual position x a is measured by a position sensor, and the theoretical position x ar can be calculated by using the identified transfer function G. e d is the tracking error caused by T d and T l . In fact, Fig.3a can be transformed as a disturbance observer shown in Fig.3b , by which e d can be obtained
If T l equals zero, e d equals the friction error e f . So the disturbance observer can be used to obtain the friction error. But this method cannot predict the friction error without running the servo drive. To achieve this, an accurate friction error model is necessary. In Fig.1 the functions of the friction force in the different stages are different, so the friction error needs to be deduced in every stage.
At the presliding regime (Stage a)), only the elastic deformation occurs and there is no apparent movement. At the point thatẋ a is zero, the friction force is zero. After the point, the friction force can be written as (6) where t is the acceleration time andẋ a is the actual velocity. At time τ when the presliding regime ends, the presliding displacement is the break-away displacement x break . Usually, x break is assumed as a constant, which can be expressed as
where σ is the stiffness of the object.
Combining with Eq.(6), the friction error during the presliding regime can be calculated by (8) At the sliding regime, the friction force and the friction error can be calculated by Eqs. (2)and (8), respectively.
In summary, the friction error can be calculated by
From Eq. (9), it can be seen that the friction error is calculated by using the friction force and transfer function G d . The problem is that, however, the friction force is very hard to obtain by using this approach in commercial CNC systems when the torque information is not available.
III. POSITION-BASED MODELING METHOD OF THE FRICTION ERROR
For a servo drive, position-based identification implies that only the reference and actual positions are available for us to identify the parameters of the friction error.
Suppose the transfer function G is
where a i (i = 0, 1, 2, . . . , n) and b j (j = 0, 1, 2, . . . , m) are constants.
Because the viscous force is linear, the latter portion of Eq.(2) Bẋ included in the transfer function G is easy to identify. Thus, the main goal of the paper is to identify the nonlinear function, i.e., to identify the friction error.
From Fig.3 , the actual output position can be obtained by
where e d is the tracking error caused by the disturbance torques. If no load torque is applied, e d is equal to e f . So, if G is given, the friction error can be obtained by
According to the mechanism of the friction force, the changes of the friction error can be simply illustrated in Fig.4 where the process is divided into three stages. Stage 1 is the presliding regime. At the stage, the presliding displacement achieves the maximum displacement x break and corresponding friction error e fmax at time t 0 . e c = x r − x ar is the control error, which is generated from the servo control system and can be calculated according to According to the features of the friction error in different stages, we proposed a position-based the friction error modeling method as follows:
(1) Friction error at the presliding regime When time t is equal to t 0 , the presliding displacement is a constant x break . According to [19] , x break lies in a range from 1 to 7 microns for lubricated smooth metal surfaces.
At the presliding regime, the velocity is close to zero, so no viscous friction exists. The transfer function G d in Fig.2 can be described as
where γ is a constant. It is assumed that the transfer function
. . , n 1 ) and n 2 complex poles. If a step input signal X (s) = 1/s is given [23] , the output of the servo drive can be obtained by
where ξ k and ω nk are the kth damping coefficient and nature frequency, respectively. A 0 , A j , B k and C k are all constants.
k is the damped nature frequency, the output of the step response can be obtained by the inverse Laplace transformation of Eq.(14)
where
In Eq. (15), the first term is the stable output, the second term is the exponential output, and the third term is the oscillation output.
Because the presliding displacement is very small, the friction torque can increase to its maximum value quickly. Therefore, the oscillation part is neglected at the presliding regime. Then, if a friction torque T fric (t) is given, the friction error at time t can be obtained (16) According to the mechanism of the friction force, the maximum friction error occurs when x is equal to the break-away displacement x break . Then the maximum friction error e fmax can be obtained by
Suppose the presliding period is τ . Comparing Eqs. (16) and (17), β in Eq. (17) is a varying coefficient determined by p j and τ . When τ becomes bigger, the exponential output becomes smaller, and β is closer to the constant r g · kA 0 .
e fmax can be achieved by the identification experiments, then according to Eq.(17) x break can be obtained
If the reference position increases from zero while the velocity increases from zero, the theoretical displacement G · x r will increase from zero. When the following condition is met, the presliding stage ends (19) where G (τ ) · x r (τ ) is the theoretical displacement at time τ . Substitute (16) into (12), we get
From Eq. (20), the friction error can be predicted bŷ
whereê f is the estimation of e f , and ρ = β β+1 is a gain from the theoretical position to the friction error. β and G can be identified by experiments and their detailed identification methods are given in Section V.
Finally, the friction error at the presliding regime can be estimated by Eq.(21) if the planned reference positions are given.
(2) Friction error at the sliding regime At the sliding regime, the friction force includes the viscous and Stribeck forces. Because the viscous force is a linear function of velocity, it is one portion of the transfer function G. Therefore, the friction error in this stage includes only the tracking error caused by the Stribeck force.
From Eq.(2), the Stribeck force f st can be written as
Replacing f fric with f st in Eq.(9), the friction error can be calculated. But the transfer function G d is difficult to identify if the friction force is not available, so an indirect method is given as follows.
Considering the Stribeck force is a short-time process, G cp and G cv are simplified as the proportional coefficients. Eq.(4) can be written as
where k pv is an overall gain. According to Eq.(9), the friction error can be obtained
Substituting Eq. (22) into Eq. (24), the friction error can be written as
where k c and k f are constants. In Eq. (25),ẋ a is not easy to obtain, soẋ a is replaced by the theoretical velocityẋ ar =ẋ r · G, whereẋ r is the reference velocity. But their relation needs to be determined because there is a velocity error between the two velocities.
Considering the theoretical position at time τ . From Eqs. (16) and (21), we have
The actual velocity can be estimated bẏ
After the breakaway displacement, the velocity error decreases because the Stribeck force decreases, so Eq.(27) changes. Considering the input torque is the dominant source of the actual acceleration a, theoretical acceleration a r is approximate to the actual one, that is, a ≈ a r . Then with Taylor series expansion, the actual velocityẋ a can be described by a function of the acceleration a andẋ ar (see appendix I for the detailed deduction process)
where k s is a coefficient related to the acceleration and lubricant parameters. And k s is expressed as
where k rn is the function of acceleration at the nth sampling period during the sliding regime. Substituting Eq.(28) into Eq.(25), the friction error at this stage can be predicted bŷ
where k s , k c and k f can be identified by the experiments. Finally, the friction error at the sliding regime can be estimated by Eq.(30) if the planned reference positions are given.
In summary, the friction errors in the different stages can be predicted by Eqs. (21) and (30).
IV. FRICTION ERROR COMPENSATION BASED ONLINE PARAMETER IDENTIFICATION
When the transfer function of a servo drive changes the online parameter identification method can be used to monitor the change. The recursive least squares (RLS) algorithm used in the paper is one of the online parameter identification methods [23] , [24] .
In order to use the identification method, the discrete form of the transfer function in Eq. (10) is given
And the used recursive least squares algorithm is written asθ
where w is the weight coefficient, '^' represents the estimate. h (k) and θ are defined as follows
In this paper, the online parameter identification method is used to identify the transfer function of a servo drive system where only the position information is available. The input u and the output y are the reference and actual positions, respectively. By using Eqs.(32)-(34), the parameter θ can be updated online.
In the identification process, the friction error will affect the identification accuracy of the transfer function, so it is very important to obtain the friction error. But the applied experimental setup cannot provide the torque information, so the friction error is difficult to obtain by the traditional methods.
According to the proposed friction error model, the friction error can be predicted by Eq. (21) and Eq.(30), so the paper uses a friction error compensation based online parameter identification method. In the online parameter identification, the friction error is predicted in advance according to the planned reference positions and added to the actual position in the identification process, by which the friction error is compensated. As a result, the actual position in the identification process is revised as x a + e f .
By Eq. (12), it can be easily concluded that the effect of the friction error on the transfer function is eliminated. And when the transfer function changes, G in Eq. (21) and Eq.(30) will be online updated to ensure the accurate prediction of the friction error. Therefore, it can be seen that the proposed method is a simple and effective way to deal with the friction error when there is no torque information available.
V. EXPERIMENTS
The experiments were performed on a Hiwin servo drive linear table shown in Fig.5 . The feedback is an encoder with a resolution of 10000 pulse/rev. The servo motor is controlled by a Turbo PMAC motion control card with 80MHz CPU frequency, and a PID controller is used in the position loop. The reference and actual positions are obtained by the PMAC with a sampling period of 0.0044 seconds.
The friction error is one of the dominant errors in a 2D circular trajectory or a 3D curved surface motion. In these cases, the servo drives move in sinusoidal curves and the friction error has a big influence on the control accuracy. In order to guarantee the control accuracy, the models of the transfer function and friction error need to be built.
Consistent with real applications, the input reference signal is a sinusoid curve with varying frequencies shown in Fig.6 . The initial parameters of the transfer function were identified by the LSE method [22] , and then the recursive least squares method in section IV was used to optimize them based on the given sinusoidal curve in Fig.6 . With the optimized parameters of the transfer function, the friction error can be obtained by the disturbance observer in Fig.3 when the velocity is close to zero and the results are shown in Fig.7 . Then the following method can be used to identify the parameters of the friction error model based on the observed friction error.
In every period of the sinusoid curve, there are two peaks in the friction error in Fig.7 , which are two friction error periods if only the absolute values are considered. The parameter β in Eq. (21) can be identified by the rising portion in every period. The identification method is given as follows.
According to Eq. (16), β is a function of time t. If n 1 = 1, and p j t is small enough, β can be calculated by
It can be seen that β is a function of t. Because the total rising time is very small, β can be expressed as an average value. According to the equation x = 1 2 at 2 , t is a function of 1/ √ |a| under the condition that x is a constant, so β is a function of 1/ √ |a|. The acceleration a is different during different rising periods, but it has little change during a rising period τ . Therefore, a can be calculated by the average acceleration during every rising period or by sampling the acceleration when the velocity is zero if the acceleration changes slowly. According to Eq.(21), the predicted friction error can be tuned to match the original value by changing β in every period. By the recorded β and |a| in every period, the parameter β is finally identified by the LSE method as a polynomial function of 1/ √ |a|. To be consistent with Eq.(21), the relation between ρ = β/(1 + β) and 1/ √ |a| is shown in Table 1 . It must be noticed that the identified parameter β is an approximated constant in every period, which has a small error when τ is small. But when τ is very big, the exponential function in Eq.(16) should be used to predict the friction error better.
Eq.(30) is in accord with the descent stage of the friction error and its parameters can be identified by the genetic algorithm [26] because of its strong nonlinearity. In the genetic algorithm, a control system model is built according to Fig.3a , Eq.(30) is used to estimate the friction error, k s , k c and k f are considered as the parameters to identify, and the goal is to tune these parameters to let the output friction error to fit the observed one. The inputs of Eq.(30) are the theoretical velocityẋ ar and the identified transfer function G, and the output is the friction error. By the genetic algorithm, k s , k c and k f can be identified as three single-valued parameters. The identified k c and k f are shown in Table 1 . Then manually changing k s can reduce the difference between the original and predicted friction errors in every period. Considering that the descent time during the descent stage is small, the acceleration uses an average during each period or the sampled acceleration when the velocity is zero. By using the recorded k s and a in every period, the relation between k s and |a| were identified as a polynomial function, which is shown in Table 1 .
After the parameters of Eqs. (21) and (30) are identified, the friction error is predicted according to reference positions. Given the sinusoidal curve in Fig.6 , the predicted friction error labeled as 'predicted' is shown as the dashed line in Fig.7 . The friction error obtained by the disturbance observer is regarded as the original one. It can be seen that the predicted friction error fits the original one very well. The following mean square error(MSE) is used to evaluate the goodness of fit between the original and predicted friction errors
where, N is the number of samples, and · 2 indicates the 2-norm of a vector. fit is a scalar value. x and x ref are the predicted and original errors. In our experiments, the goodness of fit in Fig.7 is 1 .2707 × 10 −7 . Another 1Hz sinusoidal curve was also used as the reference trajectory and the proposed friction error model was used to predict the friction error according to Eqs. (21) and (30). The original friction error came from the disturbance observer in Fig.3b . The result is shown in Fig.9 and the evaluated goodness of fit is 4.7446 × 10 −8 . Although the friction error model is identified by the data sampled from the disturbance observer in Fig.3b , the proposed friction error model has more advantages than the disturbance observer. Table 2 shows the comparison results. Because the disturbance observer needs the actual positions its performance will be affected by the actual positions and other disturbances. On the other hand, the proposed friction error model will not be affected by the actual positions because it can describe the change of the friction error according to the reference position.
According to the method proposed in Section IV, the transfer function can be identified online with the friction error compensated. In this experiment, the parameters of the transfer function were changed. By using the proposed online parameter identification method in Section IV, the new parameters of the transfer function were obtained and used in the identification process. Fig.9 and Table 3 show the identification errors of the 2Hz sinusoidal curve. Compared with the LSE method, the maximum identification error (Max) is reduced from 0.0028mm to 0.0006mm, and the mean absolute error (MAE) is reduced from 0.0007mm to 0.0002mm by the proposed online parameter identification method. Therefore, the proposed online parameter identification method is able to obtain better performance than the traditional LSE one because of the friction error compensation.
VI. CONCLUSION
After analyzing the mechanism of the friction force, a position-based modeling method of the friction error was proposed. Based on the friction error model, the friction error can be predicted according to planned reference positions. VOLUME 7, 2019 And a friction error compensation based online parameter identification method was proposed to online identify the transfer function when torque information is not available.
In the end, experimental results verified that the positionbased modeling method could predict the friction error accurately, the identified transfer function was more accurate than traditional LSE method.
According to the build model, the reference positions must be continuous ones, but applications to discontinuous ones are expected to be investigated in the future. And except for the weak point, the position-based friction error model has many underlying applications. For example, the positionbased friction error model can be used to the friction error compensation when only the position information is available.
APPENDIX
Suppose the actual and theoretical velocities at the breakaway displacement areẋ a0 andẋ ar0 , respectively. At the next sampling period T, the theoretical velocity can be calculated bẏ
The actual velocity is affected by Stribeck force, so the acceleration will change at next period. According to Eq.(22), the actual velocity at the next sampling period T can be calculated bẏ
where r = If T is small enough,ẋ a1 ≈ẋ a0 + aT . Substitutingẋ a1 = x a0 + aT into Eq.(38), we havė
Using Taylor series expansion, the last portion of Eq.(39) can be described as
Considering T is very small, the high-order items in Eq.(40) can be neglected. At the sliding stage, the input torque is dominant, so the theoretical acceleration is approximate to the actual one, that is a ≈ a r . Substitute Eq.(27) and Eq.(40) into Eq.(39), it is deriveḋ
where ϕ (a) is a function of the acceleration a. And if ϕ(a) is expressed asẋ ar1 · , then Eq.(38) can be revised aṡ
where is a small coefficient, k r1 is a coefficient and a function of the acceleration a.
Similarly, at the nth sampling period nT during the sliding regime,ẋ an can be achieved bẏ
where k rn is a function of the acceleration a. And with T is replaced by nT , ϕ (a) is revised as ϕ n (a) = βa 1 + β nT − he
Therefore, the actual velocity can be written in the theoretical velocity with varying k rn during the sliding regimė VOLUME 7, 2019 
